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C^ ' Abstract 

We carry out a parallel study of the covariant phase space and the conservation 
laws of local symmetries in two-dimensional dilaton gravity. Our analysis is based on 
the fact that the Lagrangian can be brought to a form that vanishes on-shell giving 
rise to a well-defined covariant potential for the symplectic current. We explicitly 
compute the symplectic structure and its potential and show that the requirement to 
be finite and independent of the Cauchy surface restricts the asymptotic symmetries. 
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1 Introduction. 

Great efforts have been developed recently on the study of two-dimensional dilaton 
gravity theories. The reason for this interest is that these theories serve as toy 
models in which we can develop and test techniques and methods to be further 
applied to more realistic (higher dimensional) gravity theories. Remarkably, the 
string inspired model (CGHS-model) of Ref. R] (see also 0) admits black hole 
solutions and, therefore, provides an interesting toy model to study black hole issues. 

One of the aims of this paper is to study the reduced phase space of the CGHS- 
model. This point could be of great interest for a non-perturbative canonical quan- 
tization of the theory. Our work is based on the covariant phase-space formalism 
||]-0] and extends the results of a previous paper |B|. The covariant formalism has 
already been applied to the CGHS-model in Ref. |E, |0| although their results are 
valid for the case of a closed space only. 

Moreover, for Lagrangians vanishing on-shell, the Noether's procedure can be 
incorporated, in a rather natural way, to the covariant canonical formalism. There- 
fore, we shall also study, in a parallel way, the covariant phase space and the con- 
servation laws associated with diffeomorphism invariance. Our analysis will shed 
new insight on the controversy about the notion of mass in 2D dilaton gravity (see 

0-El)- ^ 

In Section 2 we present briefly the covariant phase space formalism pointing 
out the fact that, for Lagrangians vanishing on-shell, the space of solutions can be 
endowed with a natural potential for the symplectic structure. The Noether charge 
technique is naturally incorporated in this scheme. In Section 3 we study in a sys- 
tematic way the conservation laws associated with the diffeomorphism invariance 
and, in particular, with the asymptotic (Poincare) symmetries of the CGHS model. 
In Section 4 we determine the symplectic potential of the CGHS model. The con- 
dition of having a well-defined potential (i.e. finite and independent of the Cauchy 
surface) will restrict the allowed asymptotic symmetries. The Lorentz symmetry 
break down and the spatial translation turns out to be a gauge-type transformation. 
This will permit to understand the results of Section 3. We shall also consider, in 
Section 5, the case of spherically symmetric 3-1-1 Einstein gravity, which can also be 
regarded as a 2D dilaton gravity model (see Q for a related perspective). Although 
the stringy and Schwarzschild black holes have the same canonical structure they 
differ in the form of the potential. As a byproduct, this accounts for the numerical 
factors in the Komar-type formulas for the mass in gravity models. We state our 
conclusions in Section 6. 



2 Covariant phase space and conservation laws 

Given a field theory with dynamical fields ^"(x) and action S = 5(^"(x)), the 
phase space can be defined, in a covariant way, as the space of solutions of the 
classical equations of motion. The standard formula 

SS{X-) = J^-^X'^ + d,r{^^,X^) (1) 

can be interpreted now as the exterior derivative of 5", on the covariant phase 
space, acting on a tangent vector X" (which solves the linearized equations of 
motion). In contrast with the variational calculus which takes the variation X" 
vanishing on the boundary oi Ai, it is now the first term of the r.h.s. of dl^) which 
vanishes automatically. Therefore, the covariant phase space can be equipped with 
a presymplectic two-form 

u;= f Sj^da^ , (2) 



where E is a Cauchy hypersurface and S stands for the exterior derivative operator. 
Due to the fact that the symplectic current u;^ = Sj^ is conserved, the presymplectic 
form (S) is, in general grounds, independent of the Cauchy surface with a suitable 
choice of boundary conditions. 

From the above expression it is clear that the one-form 



rda. 



(3) 



could serve as a potential for the presymplectic form (0). However, j'' is not, in 
general, conserved and hence 6 is not well-defined. 

Now, let us suppose that the presymplectic potential current j" is itself con- 
served. 

Then, for any field X ^ 5^" satisfying the linearized equations of motion, we will 
have that J^ = ixi" is a conserved current: 



do.JxU, =0. 



(5) 



What is the condition for a presymplectic potential current to be conserved? 
On solutions we have 

d^j^^^^ = SCi^^, . (6) 

Therefore, it is enough that the Lagrangian vanishes on the covariant phase space. 
In this situation the one-form (0) is well defined (with appropriate boundary condi- 
tions), Jx — j"{X) coincides with the Noether current and d{X) is the correspond- 
ing Noether charge. 

3 Energy-momentum conservation in the CGHS 
model. 

The action of the CGHS model is: 



ScGHS — -^ 



d X\J—g 



M 



e"^*(i?-)-4(V$)2+4A2 



2(V0.)' 



(7) 



By doing (f = e * we obtain 



1 



^CGHS 



d x\J —g 



M 



(R^^ + AiVipf+AX'ip^)--iV^,f 



which, for our purposes, is a form of the action more easy to deal with. 
Now, it is convenient to define a new metric g^^ by means of 



g = v ^9, 



(8) 



(9) 



in term of which the action takes a remarkably simpler form: 



S, 



1 



CGHS 



d^X 



M 



{r^' 



AX' 



1 



(V0, 



(10) 



The new variable 5, which allows to eliminate the kinetic term in the action, also 
emerges in the gauge-theoretical formulation [|l5| of the theory, and in more general 
models M. 



The equations of motions are given by: 



i? = , a(p'^=AX^ , 90, = 0, (11) 

and, if we add a convenient total divergence to the action of the CGHS model in 
(10) we can easily bring it to a form vanishing on-shell 



ScGHS — I ^CGHS — 77 



d2 



xy-g 



a.J2 



i?(p^+4A^- VaV"(^- 



I M ^ JM 

The symplectic potential associated to the above Lagrangian is 

„2 



2</'i9</'* 



(13) 



-^ 



(g^''V"%,-5'^"V''%, 



1. 



+-V^{v^)r''5g^.u -g^-'V ^8{^^) 



(14) 
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^) - 2(<^*V^0Or"%. + 2.9^''%.(2<^<V>,) 



It can be shown by direct computation, and using the equations of motions, that 
the above symplectic potential is preserved actually. 

The conserved current associated to a diffeomorphism generated by a vector 
field Xf — /'' g|;r , defined on the configuration space of the theory as 

(^.9)m. = V^/, + V,/^ , d^^f^^d^^, (15) 

can be written in the form: 

+ ^V^(r</),;V"0,-r0,V''</),)| . (16) 






It has, therefore, the form of the divergence of an antisymmetric tensor and is, 
because of that, identically preserved (notice, however, that arriving at eq. (|l6|) 
requires to use the equations of motion). The conserved charge associated to J" 
can be made explicit by noticing that the divergence of an antisymmetric tensor 
F^^'^ can be written, in 2D, as 



-gV^F'^'^ 






i(5^"5''''-5^V")i^a;3 



^ g 



e^'^duK , 



with 

Therefore, 
with 



K^-l^e-f'F^p 



2V^ 



K 



1 1 



-IJ.V 



ftNuf + V' ^^iU + -;:f tj.4>i'^ u4>i 



(17) 

(18) 
(19) 
(20) 



In terms of the physical metric (7^,^ the conserved current is given by 



J? 



^gv, 



1 



2 V ., ■ M 



^2(VA'/" _ v"/^) + -(/^0,V"0. - /"</>. V'>,) 



with the charge 



K 



-IJ.V 



<^^V^/i. + -ff,(l)'i.V^(l)t 



(21) 



(22) 



It is interesting to compare (GW with Koniar's formula for the conserved current 
in 4D |0, O , and to notice that the presence of the matter term in ( pl| ) has its 
origin in the total divergence terms added to the Lagrangian. On the other hand, 
these total divergence terms in the Lagrangian are the reason why eq. (Ew differs 
from other expressions for J? given in the literature p8[ and, as we will see, they 
contribute to make K finite, under appropriate asymptotic conditions. 



-/jiy 



From the above expressions it is not difficult to obtain, by choosing f 

and following the generalized Belinfante procedure |13|] , a symmetric energy- 



momentum pseudotensor for the CGHS model: 



e'^" = -d^d. 



2 [ ab av 



jfbgt.a 



^•^ag^b ^ ^t^'^gab^ ) 



(23) 



On the other hand, in the absence of matter, any solution of the equations of 
motion can be brought, by means of a diffeomorphism, to the form 



ds' 



m 

T 



X-x^x I dx^dx 



V 



A 



X^x+x- , 



(24) 



where x^^x^ can be considered as the null Kruskal coordinates. The spacetime 
has four regions which can be characterised by the sign of the Kruskal coordinates. 
The asymptotic flat regions are characterised by —X^x^x^ > 0. In the region / 
{x'^ > 0, x~ < 0) the metric can be written in a static asymptotically-flat form: 



ds^ 



-2* 



m 



-2Ac 



da da 



„2Acr 



A 



by means of the coordinate change 

Aa;+ 
Xx~ 



.Hr+<y) 



-Hr-a) 



(25) 
(26) 



(27) 
(28) 



In the other asymptotically flat region // {x^ 
can be achieved by the change 

A.T+ = -e^(-+-) 
Xx- = e-^^-"-"^ . 



< , X > 0) the static metric 

(29) 
(30) 



If we calculate the energy of the basic solution of the CGHS model, eq. ( |25| , p^ ) , 
by means of this E-M pseudotensor we will, surprisingly, not find any sensible 
result. In fact, the resulting expression is divergent and even do not involve the 
constant m. In the next sections, we will find the explanation for this result: the 
construction of a symmetrized E-M pseudotensor requires the theory to be invariant 
under asymptotic Lorentz transformations. We will show, however, that in order 



to have a well defined physical theory, we can not allow pure-Lorentz asymptotic 
rotations. 

Going back to eq. (P^), the contribution to the conserved charge for the basic 
solution in (E5H26) is: 



Ki = i{(^ + e2^-)9.r+(^ + e2^-)9.r + 2mr}^ ^ , (31) 

where the subindex / refers to the region in which the above current has been 
evaluated. With the asymptotic fall-off conditions 

e^^^d^r "~°° 0, 

the Noether charge associated with the Killing time translation {f^ ~ 1) is Kj = 
m. Terms like Ae^^"^/"^, that would appear in the expression for the Noether charge 
had we started with Lagrangian (|h, cancel out in (pi|). It is just the Lagrangian 



(13) which gives directly the finite terms only. The reason is that the Noether charge 
(31) can be seen as the result of contracting the presymplectic potential with the 
infinitesimal diffcomorphism X associated with the asymptotic time translation (in 
region I) . Both quantities are well defined in the covariant phase space, as we will see 
in the next section. The charges associated with the asymptotic spatial translations 
and Lorentz transformations are zero and divergent, respectively. 

Moreover we also want to stress that the Noether charge ( pl| ) just gives the 
mass of the black hole without the discrepant factor i as happens in the Komar's 
formula for energy in General Relativity. We shall also understand this fact in the 
context of the canonical formalism. 



4 Canonical structure and asymptotic symmetries 
of the CGHS model. 

Let us begin our analysis of the canonical structure of the CGHS model by writing 
the general classical solution of the theory without matter. It is well known that 
any solution is equivalent under diffeomorphisms to the solution 

ds^ = -dx+dx- , ifi^ ^'^-X'^x+x- . (33) 

A 

The solutions are characterized by an unique diffcomorphism invariant parameter, 
m, and therefore the variable canonically conjugate to m should be "hidden" in the 
group of diffeomorphisms. The situation is somewhat similar to the trivial example 
of the free particle. Any solution is equivalent, under the Galileo group, to the one 
with the particle lying at rest and, therefore, the canonical degrees of freedom of 
the system are found in the symmetry (Galileo) group. 

Our aim now is to find the degrees of freedom of the theory that are "hidden" 
in the group of diffeomorphisms. To this end we shall compute explicitly the two- 
form (||) (more precisely, the potential one- form (||) ). This requires to adjust the 
boundary condition adequately for the potential form to be finite and independent 
of the spacelike Cauchy surface. Therefore, we shall assume the metric g^,^ to be 
flat at spatial infinity with a specific fall-off behaviour. 

Let us apply a general diffcomorphism to the basic solution (51). We find 

ds^ ^ -dPdM, (34) 

if' = !^-X^PM, (35) 

A 



where P and M are two arbitrary functions P, M : Ai ^ R; x^ = P{T,a), 
X- = M{T,a). 



We have 



9 



piy 



~-id,,Pd,M + d^Md,p) , 

^e'^^daPdpM , 

1 



9 



fiaP 






w-9r 

]: [d^dpPd^M + dadpMd^P] 



1 



e>"' [do^dpPd^M - do^dpMd^P] 



2V-.9 
Obviously we also have 

and, therefore, for the metric parametrized as in eq. (p6|): 



(36) 
(37) 
(38) 

(39) 
(40) 

(41) 



Sgai3 



-]^{dpM6do,P + d^P5dpM 

-dpPSda,M + daMSdfjP) 

-- \Va{Vf3M5P + VpP5M) + Vf3{VaP5M + V^MSP) (42) 



= S/ahp +\/f3ha , 

where the one-form /i^ is given by 

^VnP5M + VnMdP 



(43) 



^ /i" = 



i5-'( 



\7aP5M + \7uMSP 



We can easily see that, with the one-form h'^ defined above, we can write as well: 

V^V = V^(/i"V„'^') , Vm. (45) 



(44) 



So, to get the symplectic potential for the general solution given in (|3J-^5|), it is 
enough to replace in cq. (|l^) the diffeomorphism /^ by the quantities /i^ as defined 

The symplectic potential will therefore be given by the divergence of an anti- 
symmetric tensor {K is now a one-form) 



r 



e^f'd^K , 



(46) 



and the symplectic form will be a pure-boundary term, thus implying that the 
theory has a finite number of degrees of freedom. 

4.1 Conditions of flatness at spatial infinity. 

The condition for the metric to be flat at spacelikc infinity means: 



where 77^1, 



9iiu 

-1 
1 



1 daPd^M + daMd^P 



2 
and m 



X^PM 



Vl^u 



(47) 



In region I {P = x^ > and M = x < 0) we can make 

AP^e^*^ , -AA/ = e^-". (48) 

Using (14^ ) and because of —PM =piii;^= +oo, we arrive at 

ACAR"'"^^^'' -dT^+da^ , (49) 



or, what is the same, 



CR ="5=^° -1 , 

CB! + C'R =^s^^^° , (50) 

C'R' =PS22MJ^° 1 , 

requirements whose solution can be written in the form: 

C{T,a) = aa+ + A + U{t,ct), (51) 

R{T,a) = --CJ- -B + V{T,a), (52) 

a 

where a, A and B are real numbers, a^ = t + a, a^ = t — a, and 

[/, V ^''ss^" . (53) 



The interpretation of (|51|-|52D on the light of ( [4 91 ) is obvious: the only allowed 
diffeomorphisms (C, R) are those that asymptotically are Poincare transformations 
in the coordinates r, a. Surprisingly we will find additional constraints on the 
asymptotic transformations in the computation of the (on-shell) symplectic poten- 
tial. 

4.2 Symplectic potential. 

The symplectic current potential is given by 

r = e'^'^d^k , (54) 



with K, formally, given by (20) 



The first consequence of the above formulas is that the symplectic potential 
reads as 

' d^Kdx'^ = k{i^ji)-k{il), (55) 

s 

where S is an arbitrary Cauchy surface (see Fig. I). We have to stress that E is not 
required to intersect the bifurcation point of the horizon as it was in Ref. |g] . The 
point now is to show that the one-form K can have well defined values in the right 
and left spatial infinities. In fact we shall find that not all the asymptotic Poincare 
transformations are permitted in order to have a well defined result for 9 (i. e., 
independent of the Cauchy surface) . 

Replacing the "diffeomorphism" ft,^ by its expression in eq. ( p4| ) we find after a 
bit of algebra: 

k{P, M, m) = - i A^ {P5M - MSP) 

^A^PMe^" {dpPSdxM + dpM6dxP) (56) 

+ —^e^P {dpPSdxM + dpMSdxP) , 
4v/=ff 




Figure 1: Kruskal diagram for a black hole spacetime. S is an arbitrary Cauchy 
surface. 



and, after having made use of (Hq), we find 

1 

4x 



K{C, R, m) = - -1- A^FA/e^" {dpCSdxR + dpRSdxC) 



+i^e^p {dpCSdxR + dpRSdxC) 



4x 
m 



(57) 



where x is given by: 



X 



6{R - C) 



e^PdxCdpR '"^^ 



1. 



(58) 



And after the replacements in (pl^,p2) we find 



K 



-^(m - X^PM)e^P [dpUSdxV + dpVSdxU) 

+ — (rh - X^PM)(-Sd+U + aSd^V) 
2x a 

- — (rh~ X^PM)(d+U S- + d^VSa) 
2x a 

2x a 

m ^,1 _ , , 

+ S{-(7 +a(T+) 
2 a 



(59) 



-TO S 



A + B 



It is easy to realize from the last expression above that for the symplectic poten- 
tial to be finite and independent of the spacelike Cauchy surface (i.e, independent 



8 



of t), requires first that a — I. That is to say, the Lorentz transformations are not 
allowed. So that, we are left with: 

K = ^{rh-\^PM)e^P{dpU5dxV + dpV5dxU) 

+ — {fh~~X'PM){5d+U + 5d-V) (60) 

JA + B" 

+171 



Moreover, to find a finite resulting expression for (pfl) we have to require an appro- 
priate asymptotic fall-off for the functions U and V. From a close inspection of eq. 



(60), and taking into account the asymptotic behaviour of —PM, it is not difficult 
to realize that the most natural requirement in order to have a sensible reduced 
phase space is 

Therefore we have arrived at: 

K{i'n)-rnS^^^y (62) 

where 1^^ = f{i%) is the Killing time translation at right spatial infinity. 

In the other asymptotically flat region a;+ = P{t, a) < 0, x^ = M{t, a) > 0, we 
should write 

-XP^e^^ , XM^e^^ (63) 

instead of (Eq), where the asymptotic flatness requires that (the asymptotic Lorentz 
transformation has already been neglected) 

C{t, a) = T + a + A + U{t, a) , 

R{T,a) = -{T-a)-B + V{T,a), (64) 

[/, V " -°° . (65) 



Proceeding in the same way as in the region I we obtain 



K{^l)^mS{^) , (66) 



where now ^^^ = f{i\) stands for the Killing time translation at left infinity. 

Taking into account (|6^) and ( pq ) we obtain the final expression for the sym- 
plectic potential 

= m<5(/(z°j)-/(z2^)) . (67) 

4.3 Diffeomorphisms in the presence of matter. 

When matter is present, the procedure applied above is much more complicated. 
This is so because we would not be able to write the symplectic form as a pure 
boundary term. The model has an infinite number of degrees of freedom and, 
because of that, the symplectic form has, unavoidably, a bulk term. Intuitively 
we expect, however, that diffeomorphisms should be "almost" pure gauge. In the 
covariant formalism, this means that the presymplectic two-form (0) should be 
degenerated along the directions that corresponds to the gauge transformations of 



the theory. We can arrive at this resuh by contracting the symplectic two-form 
with the generator of a diffeomorphism: 

(-55)^. = V^/, + V,/^ , S^^rd^^'P , 5cj>, = Pd^c^,. (68) 

The only Hnearized equation of motion which is not trivial to obtain is: 

(69) 

and, after a long computation, we arrive at: 

ix, <5j" = dxT^^ , (70) 

i.e. '^Xf^ is a pure boundary term, with 



^.ST^cp - Va<5r^^ = . 



rpXa rpCtX 



-9]^ 



-51ogv/-5(V^r-V"r 



(71) 



+(/ V'5f ^, - /"g^'-'Jr^j 
+(/V"'5r^, - rg'-^sf'^^.) 

-V(v^r-v"/^) 

It is convenient now to rewrite the expressions above in terms of the physical 
metric, which has a better behaviour at spacelike infinity. We find: 



=T 



Aq 



^2|-jiogV^(vV"-v"/^) 

-5l0gy^(rVM0g^2_^Ayai^g^2) 



2 i-a\ 



(72) 



"2 (^^''"V^log^V' - Sgf^'V^log^'r 

+ i (V" log^Vp^.9^^ - V^ log^V^^.?^") 
-,51og<p2(v^/"-V"/^) 

If we take, as it appears the most natural, boundary conditions such that 
(j>i =P5££iiJ"= 0, the expressions above indicates clearly that the analysis of the model 
with matter reduces itself to the case without matter. Therefore, the contribu- 
tion of diffeomorphisms to the reduced phase space of the theory is the same when 
there are matter fields as when there are not. For instance, if we take into ac- 

we see that the leading term in (|7^) behaves as 



=paci^c 



„2Ao 



count that ip'^ 

-Slogif'^ip'^ (V^/" - V"/^). The finitencss of this term implies e'"^^/^ ■sp.j.ai^a q^ 
thus forbidding as symmetries of the theory those diffeomorphisms that are asymp- 
totically Lorentz transformations. 
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5 Symplectic potential of Schwarzschild black holes. 



The symplectic current potential of general relativity in vacuum is given by 

1 



(73) 



and due to the Hilbert-Einstein Lagrangian vanishes on-shell the current ( [73| ) is 
conserved. In this section we shall work out the symplectic potential associated 
with the Schwarzschild black hole solutions. Instead of starting with the basic 
solution and acting on it with a general diffeomorphism we shall assume that the 
relevant asymptotic symmetry is the Killing time translation. Therefore we can 
write the general solution in regions I and II as follows 



ds^ 



1 Ut + /i,r 2+ 1 

r \ r 



dr' 



f + sin^ OdLp^) . (74) 



In addition, we shall choose the Cauchy surface in such a way that it connects the 
spatial infinities through the asymptotically flat regions I and II. 

The symplectic potential is the integral of an exact three-form and, therefore, it 
receives contribution from the two-spheres S"^ j^ at infinity only 



1 
16^ 



dQ sin( 



1 
16^ 



dfl sin 6 



_'±_^j' Sf + r{r - 2m) Sf 



2/ 5m + 2m 5f 

_ r(r-2m) ^ ^ 
1 + / ' ' 

-2f Sm + 2m Sf 



(75) 



To obtain a well-defined result we have to assume the following fall-off behaviour: 

r'r,r'-"°0- (76) 

With the prescribed fall-off the integral ( [75|) turns out to be 



O^limS {f{^^) - /(*° )) - (/(z°j) - /(*° )) 6m] . 



(77) 



6 Conclusions and final comments. 

On the light of the result of Sees. 3-4 we observe that the asymptotic fall-off be- 
haviour of the diffeomorphisms entering in the symplectic potential (p3) are similar 
to that required to have a well-defined Noether charge (|6|). This is a consequence 
of the closed relationship between the canonical formalism and the Noether theorem 
outlined in Sec. 2. 

Using the covariant phase space picture we have determined the canonical struc- 
ture of the CGHS model in the absence of matter, and the character of the asymp- 
totic symmetries, without any a priori assumption on the dilaton asymptotic be- 
haviour. The requirements made in 4.1-2 on the metric are enough to arrive at a 
clear result. The difference of Killing time translations at spatial infinities turns 
out to be the conjugate variable to the black hole mass. The asymptotic spatial 
translations are "gauge" -type symmetries: they decouple in the symplectic potential 
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and leads to trivial Nocthcr charge. The asymptotic Lorentz transformation breaks 
down (it cannot be permitted to have a well-defined symplectic form) and leads to a 
divergent Noether charge. This results are closely related. On general grounds, the 
action of a Lorentz transformation gives linear momentum to the system. In the 
CGHS model it breaks down and, therefore, the linear momentum vanishes identi- 
cally, in accord with the "gauge" nature of the spatial translations for the model. 
This provides an explanation for the failure of the symmetric energy-momentum 
pseudotensor. The definition of this quantity requires the theory to be invariant 
under asymptotic Lorentz transformations and we have shown that this is not the 
case for the CGHS model. 

As a byproduct of our study we also provide an explanation of the well-known 
factor 2 in the Komar formula for the mass in General Relativity. Although both 
the stringy and Schwarzschild black holes have the same symplectic structure 

u; = Se = 5mAS (/(z?j) - /(z^ )) , (78) 

they differ in the form of the symplectic potential. For the CGHS black hole the 
potential contains only the term with S (/(i?j) — /(*l)) 

c^CG//s =m<5 (/(»"«)- /(zO )) . (79) 

The corresponding Noether charge associated with a (right) asymptotically Killing 
time translation is just the black hole mass 



d_ 



OcGHS ( iJTFoT ) = ™ ■ (80) 



In the case of Schwarzschild black hole the symplectic potential contains a term 
with 5m as well. So that the Noether charge cannot coincide exactly with the mass. 
Since the potential is symmetric in m and f{i%} — f{i\) 

escH ^\{m5 (/(z?j) - f{^l)) (/(z?,) - /(z" )) 6m) , (81) 



Os.. (^) - ^ ■ (82) 



the Noether charge is actually one half of the mass 

/ d \ m 
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